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Abstract. Let r be a connected G-arc-transitive graph, let uv be an arc of 
r and let L be the permutation group induced by the action of the vertex- 
stabiliser Gv on the neighbourhood T(v). We study the problem of bounding 
\G U v | in terms of L and the order of T. 



1. Introduction 

All graphs considered in this paper are finite, simple and connected. A graph 
r is said to be G-vertex-transitive if G is a subgroup of Aut(T) acting transitively 
on the vertex-set V(r) of T. Similarly, T is said to be G-arc-transitive if G acts 
transitively on the arc-set A(T) of T (an arc is an ordered pair of adjacent vertices). 

For a vertex v of Y and for G < Aut(r), let T(v) be the neighbourhood of v in 
T and let gI {v) be the permutation group induced by the action of the stabiliser 
G v on T(v). We shall often refer to the group Gv^ as the local group of the pair 
(r, G). Of course, if G acts transitively on the arcs of T, then the local group Gv 
is transitive and (up to permutation isomorphism) independent of the choice of v. 
If r is a G-arc-transitive graph and L is a permutation group which is permutation 
isomorphic to Gv , then we say that the pair (r, G) is locally-L. 

In [10] , the following notion was introduced: a transitive permutation group L is 
called graph-restrictive if there exists a constant c(L) such that, for every locally-L 
pair (r, G) and for every arc (u, v) of T, the inequality \G UV \ < c(L) holds. Proving 
that certain permutation groups are graph-restrictive is a classical topic in algebraic 
graph theory; for example, the famous result of Tutte on cubic arc-transitive graphs 
[H [9] states that the symmetric group of degree 3 is graph-restrictive and the still 
open conjectures of Weiss [12] and Praeger [6] claim that every primitive as well 
as every quasiprimitive permutation group is graph-restrictive. The problem of 
determining which transitive permutation groups are graph-restrictive was proposed 
in [TU] • A survey of the state of this problem can be found in [5] . 

There are several reasons why one might like to control the order of the arc- 
stabiliser G uv in a locally-L pair (r, G) even when the local group L is not graph- 
restrictive. While \G U v\ can be arbitrarily large in this case, it would often suffice 
to obtain a good bound on \G UV \ in terms of |V(r)|; for example, if \G UV \ can be 
bounded by a reasonably tame function of |V(r)|, then the method described in [1] 
can be applied to obtain a complete list of all locally-L pairs on a small number of 
vertices. 
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Bounding \G UV \ in terms of |V(T)| and the local group G v is precisely the goal 
that we pursue in this paper. In fact, it is not hard to see that there is always 
an exponential upper bound on |Aut(r) u „| in terms of |V(T)| (see Theorem [5]) . It 
is thus very natural to ask for which local groups a subexponential upper bound 
exists. This question motivates the following definition. 

Definition 1. Let /: N — > K be a function and let L be a transitive permutation 
group. If, for every locally-L pair (I\G) and every arc (u,v) of T, the inequality 
\Guv\ < /(|y(r)|) holds, then L is called f -graph-restrictive. On the other hand, 
if, for every integer n, there exists a locally-L pair (T, G) with |V(r)| > n and 
\G U v\ > /(jV(r)j), then L is called f -graph-unrestrictive. 

Note that, for each transitive permutation group L, there exists a function / 
such that L is both /-graph-restrictive and /-graph-unrestrictive (for example, let 
/(n) be the largest possible order of G uv in a locally-L pair (r, G) with T having 
order n). On the other hand, finding such a function explicitly is quite difficult in 
general. We therefore define graph-restrictiveness and graph-unrestrictiveness over 
a class of functions. 

Definition 2. Let C be a class of functions. If L is /-graph-restrictive (respectively, 
/-graph-unrestrictive) for some function / 6 C, then we say that L is C- graph- 
restrictive (respectively, C -graph-unrestrictive) . If L is both C-graph-restrictive and 
C-graph-unrestrictive, then we say that L has graph-type C. 

Given a transitive group L, we would like to find a "natural" class of functions 
C such that L has graph- type C. The classes of functions that will particularly 
interest us are: the class Cons of constant functions, the class Poly of functions of 
the form f(n) = n a for some a > and the class Exp of functions of the form 
/(n) = a™ for some a > I . 

We also define the intermediate classes : the class SubPoly of functions of 
the form f(n) such that f(n) is unbounded and '"^ff^ — > as n — > oo and 

the class SubExp of functions of the form f(n) such that — ^r^p is unbounded 
anc [ lo s (/(")) -) as n oo. Every transitive permutation group is Exp-graph- 
restrictive (see Theorem [5]). It is then an elementary exercise in analysis to show 
that a transitive permutation group has graph-type exactly one of Cons, SubPoly, 
Poly, SubExp or Exp. 

Problem 3. Given a transitive permutation group L, find C in {Cons, SubPoly, Poly, 
SubExp, Exp} such that L has graph- type C. 

We now give a brief summary of the results which are proved in the rest of 
the paper. In Section [2 we show that every transitive permutation group is Exp- 
graph-restrictive. In Section [31 we show that the imprimitive wreath product of 
two non-trivial transitive permutation groups is Exp-graph-unrestrictive and hence 
has graph-type Exp. 

In Section [31 we consider a permutation group L that is transitive and admits a 
system of imprimitivity consisting of two blocks A and B and show that L is Poly- 
graph-unrestrictive unless L is regular. Moreover, we show that if the pointwise 
stabiliser of A in L is non-trivial, then L is actually Exp-graph-unrestrictive and 
thus has graph-type Exp. 
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In Section [5j we consider the imprimitive permutation groups of degree 6 that 
do not admit a system of imprimitivity consisting of two blocks of size 3. There 
exist five such groups up to permutation isomorphism. Two of them are imprimitive 
wreath products and hence have graph-type Exp. We show that the remaining three 
groups are SubExp-graph-unrestrictive. However, for none of these three groups 
we were able to decide whether it has graph-type SubExp or Exp. 

Finally, in Section |6l we apply these results to solve Problem |3] for permutation 
groups of degree at most 7, except for the three undecided cases mentioned in the 
previous paragraph. It turns out that there is a unique transitive permutation 
group of degree at most 7 with graph-type Poly (namely, the dihedral group of 
order 12 in its natural action on six points) while there are many with graph-types 
Cons and Exp. On the other hand, we know of no transitive permutation group 
with graph-type SubPoly or SubExp. 

Question 4. Does there exist a transitive permutation group with graph-type 
SubPoly or SubExp? 

2. General exponential upper bound 

In this section, we show that every transitive permutation group is Exp-graph- 
restrictive. 

Theorem 5. Let L be a transitive permutation group and let L u be a point- stabiliser 
in L. Then L is f -graph-restrictive where f(n) — — ~ ■ In particular, L is Exp- 
graph-restrictive. 

Proof. Let (T,G) be a locally-!/ pair, let n = |V(r)| and let (u,v) be an arc of P. 
Recall that a group A is called a section of a group B provided that A is isomorphic 
to a quotient of some subgroup of B. 

We shall now recursively construct an increasing sequence of subsets Si of V(r) 
and a decreasing subnormal sequence of subgroups Gi of G, 

(1) S CSiC...CS m and G >Gx >••• > G m , 

such that the conditions (i)-(v) are fulfilled. (We use the notation T[S] to denote 
the subgraph of a graph T induced by a set of vertices S C V(r).) 

(i) So — {u, v} and \Si\ > + 2 for every i 6 {1, . . . , m}, 

(ii) T[Si] is connected for every i € {0, . . . , m}, 

(iii) Gi = G (Si) for every i € {0, . . . , m], 

(iv) Gj_i/Gj is a section of for every i 6 {1, . . . , m}, 

(v) G m = 1. 

Let S = {u 7 v} and let G = G( So ) = G uv . Clearly conditions (i)-(iv) are 
satisfied with m = 1. Suppose now that for some k > the sets So, . . . ,Sk and 
the groups Go, . . . , Gt are defined and that they satisfy the conditions (i)-(iv) with 
m = k. 

Let S be the set of all vertices of T that are fixed by Gk and let S' be the vertex- 
set of the connected component of T[S] that contains Sk- Then clearly Sk Q S' C S 
hence G k < G (S ) < G ( s<) < G (Sfc ) = G k and G(s>) = Gk- 

If S' = V(r), then we let m = k and terminate the construction. Observe that 
in this case the group G m is trivial, as required by condition (v). 
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If S' is a proper subset of V(T), then it follows from the definition of S" that 
there exists a vertex in V(r) \ S' , say x, which is adjacent to some vertex, say w, in 
S' and which is not fixed by Gk- Moreover, since r[S"] is connected and contains 
at least two vertices, there exists a neighbour of w, say z, which is contained in S' . 

Let X = x Gk , let S k +i =S'UI and let G k +i = G( Sk+1 y We need to show 
that the extended sequences (Si)i and {Gi)i still satisfy the conditions (i)-(iv) with 
m = k + 1. Indeed, since x is not fixed by Gk, we see that \X\ > 2 and thus 
condition (i) holds. Similarly, conditions (ii) and (iii) hold by construction of Sk+i 
and Gk+i- To show (iv), observe that Gk+i is the kernel of the action of G k on X. 
Hence G k /G k +i is isomorphic to the permutation group G* induced by the action 
of Gk on X . However, G^ can also be viewed as the permutation group induced 
by the action of Gf'™' on X, and is thus isomorphic to a quotient of G^ w \ Since 

Gk < G wz , it follows that G* is a section of Gw^ ■ Since the latter group is 
isomorphic to L w , this shows that condition (iv) holds as well. 

The result of the above construction is thus a pair of sequences (JXJ) satisfying 
conditions (i)-(v). Now observe that condition (i) implies that m < On the 

other hand, condition (iv) implies that |Gj/Gj+i| < |L W | for every i 6 {1, . . . , m}. 
In view of condition (v), this implies that |Go| < |£ w | m - Since Go = G uv , this 
completes the proof. □ 

Remark. The upper bound provided by the function / in Theorem[S]is rather crude 
and can be improved if some further information about the permutation group L is 
taken into consideration. For example, if p is the smallest prime dividing |L W |, then 
the orbit X introduced in the proof of Theorem [5] is of length at least p and thus 
condition (i) can be replaced by \Si\ > \Si+i\ +p. The definition of / in Theorem[5] 

ti-2 

can then be replaced by f(n) = \L U \ * . 

3. Imppjmitive wreath products 

In this section, we show that the imprimitive wreath product of two non-trivial 
transitive permutation groups is Exp-graph-unrestrictive. We first need the follow- 
ing lemma. 

Lemma 6. Let T be a transitive permutation group and let T w be a point- stabiliser 
in T. Then there exists a sequence of locally-T pairs (Ti,Hi), with \V(Ti)\ — > oo 
as i — > oo, such that, for every i > 1, the stabiliser of an arc ofTi in Hi has order 

Proof. There are several ways how to prove the existence of such a sequence. We 
construct it recursively using the theory of covering projections of graphs. We refer 
the reader to [3] for further information on this topic. In particular, we refer the 
reader to jH Section 6] for the definition of a homological p-cover of a graph. 

Let k be the degree of T, let r x = Kf. k be the complete bipartite graph with 
bipartition sets of size k, and let Hi = (T x T) x S2 acting arc-transitively on Tx 
in the natural way. Note that (Ti,Hi) is locally-T and an arc-stabiliser has order 

Suppose now that (r^, Hi) has already been constructed for some i > 1. Let r.; + i 
be a homological 2-cover of Ti and let -f/i+i be the lift of Hi along the covering 
projection T i+ i — > Ti (note that by [3J Proposition 6.4] the group Hi indeed lifts 
along this covering projection). Note that the vertex-stabilisers in H i+i and in Hi 
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are isomorphic and, moreover, that they induce permutation isomorphic groups on 
the respective neighbourhoods. In particular, the pair (rj+i, -ffi+i) is locally-T and 
an arc-stabiliser has order |T U | 2 . □ 

Theorem 7. Let R and T be non-trivial transitive permutation groups, let m be 
the degree of R and let T u be a point- stabiliser in T. Then the imprimitive wreath 

product RwrT is f-graph-unrestrictive where f(n) = Tl ^„J^ '" • ^ n particular, 
RwrT has graph-type Exp. 

Proof. Let A and fl be the sets on which R and T act, respectively. Then RwrT 
is a permutation group on A x fl. Writing = {1, 2, . . . , k} yields that RwrT is 
isomorphic to the semidirect product R k x T where the action of (ai, . . . , a&) € R k 
and b £ T on A x f2 is given by: 

( < J jW )(ai.-,a*) = (a«« |W ) and (<S,w) b = 

By Lemma[ni there exists a sequence of locally-T pairs (Ti,Hi), with | V^(Tj)| — » 
oo, such that, for every i > 1, the stabiliser of an arc of Tj in H has order |T W | 2 . 
Let A; be the lexicographic product of Ti with the edgeless graph on the vertex-set 
A, that is, the graph with vertex-set A x V(I\) and two vertices (Si,vi) and (62, V2) 
adjacent in Aj whenever vi and V2 are adjacent in T. Note that |V(Aj)| = m|V(Ti)| 
and that |A(Ai)| =m 2 |A(r i )|. 

Observe that the imprimitive wreath product G{ — Rwr H acts on Aj as an arc- 
transitive group of automorphisms and that the local group (Gj)u 1 ^ is permutation 
isomorphic to RwrT. 

Let (u,v) be an arc of r, and let (u,v) be an arc of Aj. Since Tj is Hi-arc- 
transitive and Aj is Gj-arc-transitive, it follows that: 

|frj \R\^)\\ Ht \ \( Hl ) uv \\R\ 1 ^ |T,| 2 |fl|^ 
K |A(Ai)| m 2 |A(r,)| m 2 m 2 

Since |V(Aj)| — > 00 as i — > 00, the result follows. □ 

4. System of imprimitivity consisting of two blocks 

In this section, we consider a permutation group L that is transitive and admits a 
system of imprimitivity consisting of two blocks A and B and show that L is Poly- 
graph-unrestrictive unless it is regular. Moreover, we show that if the pointwise 
stabiliser of A in L is non-trivial, then L is actually Exp-graph-unrestrictive. 

To do this, we must first define the graphs C(fc, r, s), which were first defined by 
Praeger and Xu [?]■ Let r and s be positive integers with r > 3 and 1 < s < r — 1. 
Let C(k,r, 1) be the lexicographic product C r [fcKi] of a cycle of length r and an 
edgeless graph on k vertices. In other words, V(C(fc,r, 1)) = x Z r with (u,i) 
being adjacent to (v,j) if and only if i — j € { — 1, 1}- A path in C(fc, r, 1) is called 
traversing if it contains at most one vertex from x {?/} for each y G Z r . For s > 2, 
let C(fc,r, s) be the graph with vertices being the traversing paths in C(fc,r, 1) of 
length s — 1 and with two such (s — l)-paths being adjacent in C(fc, r, s) if and only 
if their union is a traversing path in C(fc, r, 1) of length s. 

Clearly, C(fc,r, s) is a connected 2fc-valent graph with rk s vertices. There is 
an obvious action of the wreath product Sfc wr D r as a group of automorphisms of 
C(fc, r, 1). (We denote the symmetric group and the dihedral group in their natural 
action on n points by S n and D n , respectively.) Moreover, every automorphism of 
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C(k,r, 1) has a natural induced action as an automorphism of C(k,r, s). We use 
these graphs to prove the following result. 

Theorem 8. Let L be a transitive permutation group of degree 2k with a system 
of imprimitivity consisting of two blocks A and B. Let L u be a point-stabiliser and 
let be the pointwise stabiliser of A in L. Let t > 1 and m > 2 be integers, 

let r = C{k,2im 1 m — 1) and let uv be an arc of T. Then there exists a group 
G < Aut(r) such that (r,G) is locally-L and \G UV \ = \L (A) | 2m (*-i) \L u \ m . 

Proof. Let K be the kernel of the action of L on {A, B}. Clearly, if is a normal 
subgroup of index 2 in L. Fix an element h £ L \ K and observe that A h = B 
and B h = A. We can label the points of A by Zfe x {0} and the points of B by 
Zfe x {1} in such a way that (x, 0) h = (x, 1) for every x £ Zfc. With respect to 
this fixed labeling, we can view I as a subgroup of Sfc wrS2 = (Sfc x Sfc) x S2, with 
K < Sfe x Sfc, where, for every (a, b) £ K < Sfc x Sfe and every 1 e Z^, we have 

(2) (x, 0) (a ' b) = (x a , 0) and (x, 1)^ = (x b , 1). 

Let r e Sfe be such that (x, l) h = (x r ,0) for every x £ Z fe . Then {x^) h2 = 
(x, l) h = (x r ,0) and (x, if = {x r , 0) h = (x r , 1), implying that 

(3) h 2 = (r,r). 

To summarise, the action of h on A U B is given by: 

(4) (x,0) h = (x,l) and (x, l) h = (x r , 0). 

If (a, b) £ K and x £ Z fe , then (x,l)< a ^) h = {x, Q)( a < b ) h = (a; a ,0)' 1 = (x a ,l) and 

(x,0)< a ^) h = (x^O)^^ 2 ^ 1 = (x,l)( a "^ r )' l_1 = {x^^lf 1 = (x b \0). This shows 
that 

(5) (a,b) h = (b r ,a). 

Let A = C(k,2£m, 1). Recall that V(A) = Zfe x Z2£ m and that SfewrD2^ m acts 
naturally as a group of automorphisms of A. We now define some permutations 
of V(A). Let (x,y) £ Zfe x Z 2 £ m be a vertex of A, let (x,y) s = (x, y + 1) and let 
(x, y) f = (x, — y). Moreover, for any c £ Sfe and any i £ Z 2 £ m , let 



(x c ,y) ity = i, 
(x, y) otherwise. 
Note that for every c, d £ Sfc and every i, j £ ^im, we have 

(6) [c]i[d]i = [cd]i and [c}i[d\j = [d]j[c]i if i ^ j. 

Clearly, s, t and [c]i are automorphisms of A. Note that t 2 = 1 and tst = s _1 . 
Moreover, for every i,j e Z 2 £ m , we have 

(7) [c]f = [c] i+j and [c]* = [c]_,. 

A typical element of L/ A \ can be written in the form (1,6) with b £ Sfe, and 
moreover, an element (a, b) £ K belongs to Lr A -s if and only if a = 1. Now let 

(8) M = {[b] I (1,6) £ K} 

and note that M < Aut(A). For a £ Sfc and i £ Z 2 £ m , let x(a, i) be the automor- 
phism of A defined by 

(9) x(a, i) = [a]i [a] i+2m [a] i+4m . . . [a] i+ ( 2 ^_2)m- 
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Note that for every a, b <E Sk the following holds: 



TU11) X (a, 
U32) X(a, 



(10) (Tffl3) x(a, 
CJ34) X(a, 



Let 



) = x( a : i) whenever i = j mod 2m, 
MM) = X(ab,i), 

) and x(^ii) commute whenever i ^ j mod 2m, 

) s = x(M + i), 



dflfi) x(M*=x(a,-0- 



JVo = {x(a,0)x(&,m) | (a, 6)6 if}. 

Using (JTUJ2) and (|T0l 3). one can see that 7V is a subgroup of Aut(A). Recall that 
r is the element of Sfc such that h 2 — (r, r) and let 

c = x(>*,-l)s. 

Using (fTt)l 3) and (JTQJ4), it is easy to see that, for is {1, . . . , 2m}, we have 

(11) a* =x(r,-i)...x(r,-2)x(r,-l) S \ 
For any integer i, let 

(12) Mi = (M ) CT< and JV< = (iV ) CT \ 

We will now show that for every element (a, b) £ K and for every j € 1%tm > w c 
have: 

(13) (M )^ = (M )^ = Mo- 

Indeed, by definition, a typical element of Mq is of the form [j3]o such that 
€ if. If j 0, then by (O commutes with [/3]o and hence centralises Mq. 
Suppose now that j = 0. Then, by ©, we have [/3] 6]o = [/? b ] . Since (1, j3) and (a, 6) 
are elements of if and since (l,/3)( a ' b ) = (l,/3 b ), we see that (l,/3 b ) £ if, which, by 
definition of Mo, implies that [/3 b ]o (and thus [/3] b '°) is in Mq. This shows that [b]j 
normalises Mo for every j. Now recall that, by ((5]), we have (a, fe)' 1 = (6 r , a). Since 
/i normalises if , this shows that (6 r , a) G if. By applying the above argument with 
(b r , a) in place of (a, b), we see that also [a]j normalises Mo, thus proving (TT3"1) . 

By ([9]) and (fl~3|) . for every element (a,b) S if and for every j g ^im, we have: 

(14) (M ) x(aj) = (M ) X ( 6J) = M . 

In particular, since since (r, r) £ if, the group Mo is normalised by x( r ij)- 
Together with 0, (JTlJ and (JT2J), the latter implies that: 

(15) M, = (M ) s ' = | G if}. 

Let us now show that the following holds for every (a, b) £ if and i,j € %2em'- 

(16) {Mi) x{a ^ = (Mi) x{h ^ = (Mi) x( - r ^ = Mi. 
Indeed: 

( Mi )x(aj) (M f X< - a ^ 

# (M>r s 



EH 
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and similarly, (Mi) x ^' — Mi, thus proving (|16p . 

Furthermore, the definition jT5J of N it (03) and dTTJ) imply that 
(17) Ni — {x( a , i)x(b, i + m)\ (a, b) G K} for every i e {1, . . . , m — 1}. 

We shall now show that N m+ i = Ni. Let (a, b) E K and observe that: 

(x(o, 0)x(6, m))"" ™ (x(«, 0)x(6, ro) )^'-">"*f •- a ^- 1 >" 
Hols) nwft ™^ x(r <- m)s? " 



0)x(6, m)) 
(x(a,0)x(6 r ,m)) S 
X(& r ,0)x(a,m). 



Since (a, &) € if, by (|5]) we have (a, 6)' 1 = (fe r , a) € if and hence x(6 r , 0)x(a, m) e 
A^. This shows that <r m normalises AT . However, N m = (N ) am by definition, 
implying that N rn = N Q , and thus 

(18) Ni +m = Ni for every integer i. 
Let us consider the automorphism r of A defined by 

(19) t = x(r, m + l)x(r, m + 2) . . . x(r, 2m — 1)£. 
Note that © and ([151) imply 

(20) (M) T — M-i for every integer i. 
We shall now show that 

(21) {Ni) T = N^i for every integer i. 

It follows from (IT0l 3) that r centralises Nq and hence (|2Tj) holds for i = 0. By 
(IT51) . it thus suffices to show (f2~T|) for i e {1, . . . , m — 1}. By (fTTj) . a typical element 
of AT, is of the form x( a > *)x(^> TO + *) f° r some (a, 6) e AT. Then 

E3 iWrt m J- ,-y|X(r,m+l)x(r,m+2)... x (r ) 2m-l)t 



{TU]2,[T0]3) 



(x(<m)x(&> rn + ij) T 1 l' (x{a,i)x(b,m + i)) 

(x(& r ,m + «)x(a,«))* 

x(b r ,m- i)x(a, -i). 

Since (a, b) £ if, by ([5J we have (& r ,a) € if and hence x(b r ,m — i)x( a , —i) € 
N m -i, This shows that (iVj) r = N m ^i, which, by (fT8|) . equals iV_<. This completes 
the proof of (|2T|) . 

Let M (A", respectively) be the group generated by all M, L (Ni, respectively), 
! g Z. By (fT5|) it follows that = M i+ 2t m - From this and from (|17l) . we deduce 
that M = (M , . . . , M 2 im-i) and N = (N , . . . , JV m _i)- Further, by ((113), (ED 
and (fT8|) , it follows that 



(22) M — M x • • • x Ai 2 £ m -i and N = N x ■ ■ ■ x iV m _i. 

Let G = (M, AT, (j, r). By (J2DJ) and (|2"T]l. it follows that M and AT are normalised 
by t. By definition, they are also normalised by a, implying that (M, N) is normal 
in G. Recall that V(A) admits a natural partition V = {Lk x {y} \ y e Z2f m } 
and observe that V is in fact the set of orbits of (M, N) on V(A) and hence is 
G-invariant. 
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By the definitions of a and t, it follows that the permutation group induced by 
the action of G on V is isomorphic to the dihedral group T>2im in its natural action 
of degree 2£m. 

We will now show that {M, N) is the kernel of the action of G on P. Observe 
that it suffices to show that G/(M,N) acts faithfully on V or, equivalently, that 
G/(M, N) is isomorphic to T>2e m - We will show this by proving that a 2im , r 2 and 
a<j T are all contained in (M,N). We begin by computing oo T . Observe that by 
(fl0l 3) and (fTUU ) we have s x{ - a ^ = x(a, i — l)x(a _1 , i)s. By applying this repeatedly 
and using 1(101 1). (|T0l2) and (fT0l3) we deduce that 

s x(r,m+l)x(r,m+2)-xCr,2m-l) = ^ m ) x ( r ~l , -1) S) 

and therefore 

mms) ( X ( r) -i) X ( r , m)x ( r -i,-i) S )* 
aa* x(r)m)s -!. 

Computing crcr r is now easy: 

(23) aa T = x(r,-l)sx(r,m)s~ 1 = xO, -l)x(r, m - 1). 

By f3]). we know that ft. 2 = (r, r) £ K and hence, by (flTl) . x( r , 0x( r i m + i) E Ni 
and, in particular, ercr 1 " € iV. Now, 

(x(^, to + 1) • • • x( r i 2to — l)i) 2 
x{r, to + 1) ■ ■ • x( r j 2to — l)x(r, 1) ■ ■ • x( r > to — 1) 

l)x( r , ™ + 2)x(^) to + 2)) ■ • • (x(r, m - l)x(r, 2to - 1)). 

Again, x{ r , i)x( r , to+i) e iVj for all i G Z 2 £ m and hence r 2 G iV. Finally, by dTTl) . 
we have 

<? 2m = X (r,0)x(r,l)"-X(r,2m-1) 

= (x<7, 0)x(V, w))(x(r, l)x( r 5 to + 1)) • ■ • (x(»", to — l)x( r , 2to — 1)) e A. 

We have just shown that <r 2m , t 2 and <t<t t are all contained in N, and therefore, 
that (M, N) is the kernel of the action of G on P, as claimed. 

We shall now determine the order of (M, N). Note that by ([16j), (17]) and (f22|) . 
the group N normalises M, implying that (M,N) = MN. Let us first determine 
the order of M n N. 

Let a be an arbitrary element of M n iV. Since a € TV, we can write 

m — 1 

a = II X(a 3 ,j)x(bj,j + to) 



{TOjs) 

(13) 
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for some permutations do, ai, . . . , a m _i, bo,b±,. .. , b m -i of Z& such that (aj, 6j) € if 
for all j £ {0, . . . , m — 1}. If we write dj+m = bj, we obtain 

2m- 1 

(24) a= [] = 

with (oj, aj+ m ) G K for all j e {0, . . . , to— 1}. Now observe that for every i £ Z2£ m , 
the set Zfe x {i} C V(A) is preserved by a. Furthermore, for every j £ {0, . . . , 2m — 
1}, the restriction of a to Zt x {j} (when viewed as a permutation on Z&) is in 
fact aj. On the other hand, since a £ M, such a restriction a,j has to satisfy the 
defining property (1,%) £ K. 

Conversely, let (Xq, at, . . . , a2m-i be arbitrary permutations of Zj. such that (1, <ij) £ 
K for all j £ {0, . . . , 2m — 1} and let a be as in (fM|) . We shall now show that a is 
an clement of M H N. 

The fact that a is in M follows directly from (|T5t and from the fact that (1, aj) £ 
K for each j. In order to prove that a € N, it suffices to show that (et^ , aj+ m ) € A' 
(and thus x( a j>j)x( a j+m 1 j + m) £ Nj) for every j € {0, . . . , m — 1}. Fix such an 
integer j and let a = aj and b = cij+ m . Since (1, a) £ K and since h normalises AT, 
it follows that (l,a) h £ K. However, (l,a) h = (a, 1), implying that (a, b) = 
(a, 1)(1, b) £ K, as required. We have thus shown that a £ M n N. 

To summarise, the intersection M<~)N consists precisely of those a from (|24|) for 
which (1, aj) € AT for all j £ {0, . . . , 2m — 1}. In particular, 

|MnJV| = \{b\ (1,6) e K}\ 2m = \L (A) \ 2m , 

which implies that 

|(M,A0| = |M||JV|/|MnJV| = \L (A) \ 2 * m \K\ m /\L (A) \ 2 ™ = \L (A) \ 2m ^(\L\/2r. 
Thus: 

(25) \G\ = \D Um \\{M,N)\ =4£m|A (A) | 2 ^- 1 )(|A|/2r. 

We shall now turn our attention to the graph T. Recall that T = C(k, 2£m, m— 1) 
and that the vertices of T are the traversing paths of length m — 2 in A; that is: 

V(r) = {(iti,i)(u 2 ,«+l) • ■ ■ (tt m _i,«+m-2) | (mi, . . . ,w m -i) e (Z fe ) m_1 ,i e Z 2 £m}- 

Further, recall that since every automorphism of A preserves the set of all such 
paths, there exists a natural faithful action of G as a group of automorphisms of T. 
Moreover, observe that for any fixed i £ TL^im-, the group N acts transitively on the 
set Vj = {(ui,i)(u 2 ,i + 1) . . . (u m -i,i + m - 2) \ (m, . . . ,u m -i) € (Z fe ) m_1 }, and 
that the group (cr) cyclically permutes the family {Yi \ i £ 1itm\- Since the latter 
family is a partition of V(r), this shows that (N,a) (and thus G) is transitive on 
V(T). 

Let u = (0, 1)(0, 2) ... (0, to — 1) be a traversing path in A of length m — 2, 
interpreted as a vertex of T. Observe that the neighbourhood T(v) decomposes 
into a disjoint union of subsets 

T-(v) = {(j,0)(0,l)...(0,m-2) | j eZ fc }, 

r+(«) - {(o,2)...(o,to-i)(j,to) |iGZ fe }, 
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with r~ (v) and T + (v) being blocks of imprimitivity for G v . Hence there is a natural 
identification of the sets L~(t>) and T + (v) with the sets Zfc x {0} and Z& x {m}, 
respectively. This induces an action of G v on Z& x {0,m}. 

Recall that the sets A and B were identified with the sets Zfc x {0} and Zfc x {1}, 
which gives rise to a further identification of Y~ (v) with A and F + (v) with B (where 
(x, 1) G B is identified with (x,m) G F + (v)). In particular, G„ can be viewed as 
acting on A U B. Since r _ (i/) and r + (v) are blocks of imprimitivity for G v , so are 
A and B. 

Observe that an element of G v , when viewed as acting on A U B, preserves each 
of A and B setwise if and only if, when viewed as acting on V(A) , it preserves each 
of the sets {i} x Iwm € V. Now recall that the kernel of the action of G on V is 
(M, N) and hence the kernel of the action of G v on the partition {A, B} of A U B 
is (M,N) V . 

We shall now prove that Gv is permutation isomorphic to L. We begin by 
proving that My {v) < Nv {v) . Note that by ([22]), it suffices to prove that (M t )l iv) < 
Ny (v) for all i € {0, . . . , 2£m - 1}. Clearly, if i {0, m}, then (Mj)„ acts trivially 
on Zfc x {0, m} and hence on Y{v). Further, observe that both M as well as M m fix 
the vertex v. Recall that a typical element of Mq is of the form [6] for b G such 
that (1,6) G K. Since K is normal in L, it follows that (1,6)' 1 1 G K. However, 
(l,b) h 1 = (6,1). It follows that the element x(6, 0)x(l,m) is in 7V . However, 
the latter element clearly fixes u and induces the same permutation on T(v) as the 
element [6]o of Mq does. In particular, (Mo) r ^ < N% . A similar computation 
shows that {M m f^ < Nv (v) , and therefore, that Nll {v) < N^ (v) . 

We shall now show that is permutation isomorphic to K. Recall that N = 

No x • • • x N m —i and note that, for i ^ 0, the subgroup (Ni) v acts trivially on Z^ x 
{0, m}, and hence on I». Moreover, (N ) v = N , implying that Nv (v) = (N ) r ^l 
Since A^o consists of the elements x{ a ^ 0)x(6, m) for (a, b) G AT, the identification 
of T(v) with Z fe x {0, m} and also with AU B clearly implies that (N ) r ( vS> is 
permutation isomorphic to K and hence N„ is permutation isomorphic to AT, as 
claimed. 

Since Mv < N^ v \ this implies that (M, iV)^^ is permutation isomorphic to 
K. Now recall that (M, N)^""^ is in fact the kernel of the action of Gv on the 
partition of {A, B} of A U B (after the usual identification of T(v) with A U B). To 
conclude the proof that is permutation isomorphic to L, it thus suffices to 

exhibit an element of G v which acts on A U B as the permutation h. 

By CED, we have a m = x(r, -m) . . . x(r, -l)s m . By {TS}, it follows that 

(26) r-V" 1 =x(r,m)ts m . 

Clearly, both \{r, m) and ts m fix w and hence so does T~ x o m . Let us now compute 
the permutation induced by T~ 1 a m onylUB. Let (j, 1) be an arbitrary element of 
B and recall that this element is represented by (0, 2) ... (0, m — m) G T + (i;). 
Now, note that 

((0, 2) ... (0, m - 1)0' m)) r " am ^ ((0, 2) ... (0, m - m))^^ 

? ((0,2)...(0,m-l)(/,m)) tsm 
= ((/,0)(0,l)...(0,m-2)). 
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This shows that (J, 1) T " m = (j r , 0) € A. 

Similarly, let (j, 0) be an arbitrary element of A. This clement is represented by 
(j, 0)(0, 1) ... (0, m — 2) e r _ (w) and an analogous computation yields: 

((j, 0)(0, 1) ... (0, to - 2)) T " CTm - (0, 2) . . . (0, m - m). 

This shows that (j,0) T ~ V " = (j, 1) G B. By ©, this shows that r'ff™ viewed 
as a permutation oniUB, is equal to h. This concludes the proof of the fact that 
is permutation isomorphic to L. 
Since T is G-vertex-transitive and L is transitive, it follows that T is G-arc- 
transitive. It remains to determine the order of the arc-stabiliser G uv of an arc 
uv of r. Since |V(T)| = 2£mk m ~ 1 and the valence of T is 2k, it follows that 
|A(T)| = Almk m . Further, since L is a transitive permutation group of degree 2k, 
it follows that \L\/2k = \L^\, where L u is a point-stabiliser in L. Using (|25|) for 
the order of G, we thus get the following: 



7/T~~Tm =\ L {A)\ '\L^ 



Umk m 



□ 



Corollary 9. Let L be a transitive permutation group of degree 2k with a system 
of imprimitivity consisting of two blocks A and B, let L M be a point- stabiliser in L 
and let £(A) be the pointwise stabiliser of A in L. Then L is f -graph- unrestrictive 
where f(n) = \L^j\^~ 4: \L UJ \ 2 . In particular, if ^ 1, then L has graph-type 
Exp. 

Moreover, if L u =/= 1, then L is Poly-graph-unrestrictive; in fact, L is n a -graph- 
unrestrictive for every a with < a < lo ^" . 

Proof. For t > 1, let 1^ = C(fc,4£, 1). By Theorem [8] (applied with to = 2), there 
exists G e < Aut(r f ) such that (T e , G e ) is locally-L and \(G e ) uv \ = |L (A) | 4 ( £ - 1 )|L W | 2 . 

Since |V(r<>)| = Akl, the latter is equal to |-£/(a)|' <fcf " ~ 4 |^| 2 - This shows that L 
is /-graph-unrestrictive where f(n) = IL^I^ -4 ^^! 2 , which is a function in the 
class Exp provided that L/« ^ 1. 

Now suppose that L u =^ 1. For to > 2, let T m = C(k, 2m, m — 1). By Theorem[8] 
(applied with I = 1), there exists G m < Aut(r m ) such that (r m ,G m ) is locally-L 
and \(G m )uv\ = \L u \ m - 

Let n = |V(r m )| and observe that n — 2mk m ~ 1 . Let c = \LJ\ and fix a such 
that < a < • Then there exists e > such a — log °f ■ Furthermore, since 

as to — > oo, there exists toq such that for every to > toq, we 



2mk' 



i - 1 



(*+£)"• (fe+e)" 

have n < (k + e) m , and thus lo g°f^ e ) < to. Hence 

n a = n>°s°5+«) = c^+o < c m = \G UV \. 

This proves that L is /-graph-unrestrictive for f(n) = n a , and, in particular, that 
L is Poly-graph-unrestrictive. 

□ 
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5. IMPRIMITIVE GROUPS OF DEGREE 6 THAT DO NOT ADMIT A SYSTEM OF 
IMPRIMITIVITY CONSISTING OF TWO BLOCKS. 

The results proved so far in this paper together with previously known results 
are enough to settle Problem [3] for transitive permutation groups of degree at most 
7 with the exception of three groups of degree 6 that are imprimitive but do not 
admit a system of imprimitivity consisting of two blocks of size 3 (see Section [6] for 
details). In this section, we will show that these three groups are SubExp-graph- 
unrestrictive. 

By [2], there are five transitive groups of degree 6 that are imprimitive but do 
not admit a system of imprimitivity consisting of two blocks. Using the taxonomy 
of 0, they are A* (6), 2Aj(6), 5 4 (6d), S 4 (6c) and 254(6). Note that 2S 4 (6) is in fact 
isomorphic to the wreath product Z2 wr S3 in its imprimitive action on 6 points, 
while ^4(6) is isomorphic to Z2 X C3 viewed as a subgroup of index 2 in the wreath 
product Z2 wr C3. The group ^4(6) is thus a normal subgroup of index 4 in 25*4(6) 
and 2S 4 (6)^4(6) = Z|. The remaining three groups 2y4 4 (6), 54 (6d) and 5 4 (6c) 
are precisely the three groups L with the property that Ai(6) < L < 254(6). The 
main result of this section is the following: 

Theorem 10. Let L be a transitive permutation group of degree 6 that is imprim- 
itive but does not admit a system of imprimitivity consisting of two blocks. Then L 
is f -graph- unrestrictive where f(n) = 4v / t" _1 . 

It will be convenient for us to describe the five groups L satisfying At (6) < L < 
254(6) as subgroups of the symmetric group on the set Q = {0, 1, . . . , 5} in terms of 
generators. In what follows, we shall follow the notation introduced in [2] as closely 
as possible. Let a, b, e, / be the following permutations of Q: 

(27) o = (0 2 4)(1 3 5), b = (1 5)(2 4), e = (1 4)(2 5), / = (0 3). 
Then by Appendix A], the groups ^4(6) and 254(6) can be expressed as: 

(28) A 4 (6) = (a,e), and 25 4 (6) = (/, a, b). 

The rest of the section is devoted to the proof of Theorem[TU] In this endeavour, 
the following lemma will prove very useful. (For a graph T, a vertex v £ V(r) and 
a group G < Aut(r), let G$ denote the kernel of the action of G v on T(w).) 

Lemma 11. Let A be a graph, let v be a vertex of A and let A and B be vertex- 
transitive groups of automorphisms of A such that B < A. Then, for every permu- 
tation group L such that By^ < L < A^ v \ there exists C such that B < C < A, 
C£ {V) =L andC [ v 1] = A l v 1] . 

Proof. Let 7r : A v — > Ay^ be the epimorphism that maps each g € A v to the permu- 
tation induced by g on A(v). Observe that B v < 7r _1 (L) < A v and (n^ 1 (L))^ = 
t^tt- 1 ^)) = L. Finally, let C = Bir^iL). Clearly, B < C < A and C v — 
i?7r _1 (i) n A v . By the modular law, the latter equals (B n yl„)7r _1 (L) and hence 
C v = 7r _1 (i). In particular, the group A$ (being the kernel of 7r) is contained in 
C v and thus is equal to C„ \ Moreover, = k(C v ) — 7r(7r _1 (L)) = L. □ 

The proof of Theorem [10] makes use of certain cubic arc-transitive graphs having 
a large nullity over the field F2 of order 2, the existence of which was proved in [4]. 
Let us explain this in more detail. 
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Let r be a graph with vertex-set V, let F be a field and let ¥ v be the set of all 
functions from V to F, viewed as an F- vector space (with addition and multiplication 
by scalars defined pointwise). The W-nullspace of T is then the set of all elements 
x E F^ such that for every v E V we have 

E s(«) = 0- 
«er(«) 

The F-nullspace is clearly a subspace of the vector space ¥ v and its dimension 
over F is called the ¥ -nullity of T. We can now state and prove the crucial step in 
the proof of Theorem [TUl 

Theorem 12. Let L be one of the five imprimitive permutation groups of degree 6 
admitting no blocks of imprimitivity of size 3. LetT be a connected cubic graph, let 
M be the ^2-nullspace ofT and suppose that M is non-trivial. Suppose further that 
Aut(r) contains two subgroups H and G with H acting regularly on the set of arcs of 
T, with G acting regularly on the set of2-arcs ofT and with H < G. Let A = r[2_ftTi] 
be the lexicographic product ofT with the edgeless graph 2K\ on two vertices. Then 
there exists an arc-transitive subgroup C < Aut(A), such that the pair (A, C) is 
locally-L and the stabiliser of an arc of A in C has order |M||L|/48 > |M|/4. 

Proof. Let V denote the vertex-set of T. We will think of the vertex-set of A as 
F2 x V. Observe that there is a natural embedding of G as well as of the additive 
group of F^ into Aut(A) given by 

(a, v) 9 — (a, v 9 ) and (a, v) x = (a + x(v),v) 

for every (a, v) E F2 x V, g E G and x E F^. In this sense, we may view G and F^ 
as subgroups of Aut(A). 

Let 1 E F^ be the constant function mapping each vertex to 1 and let N = 
(1) © M < ¥\ < Aut(A). Finally, let A and B be the subgroups of Aut(A) defined 

by 

A = (N, G) and B = (M,H). 

Since M is the F2-nullspace ofT and G < Aut(T), it follows that M is normalised 
by G and hence by H . Moreover, the automorphism 1 of A is clearly centralised by 
both M and G and hence N is also normalised by G. In fact, since M and N act 
trivially on the partition {F2 x {v} : v G V} of V(A), while G and H act faithfully, 
we see that N n G — M n H — 1, and thus 



(29) A = N x G and B = M x H. 

Let us now show that B < A. It is clear from the definition that B < A. We 
have already noted that G normalises M. Moreover, H has index 2 in G and hence 
is normal in G. It follows that G normalises B = M x H . Note that A is generated 
by B, G and 1. Since 1 centralises B, this implies that B < A. 

Let v be a vertex of r and let v = (0, v) be the corresponding vertex of A. Let 
us now show that 

(30) 4<*> = <<*>G£< 6 > and B^ = . 

Let a e A. By (|29p. a — xg for some x £ N and g € G. Then a e An if and 
only if (0,v) = (0, v) a = (x(v),v 9 ) if and only if g G G v and x G N%- Note that 
an element g e G fixes v E V(r) if and only if (when viewed as an automorphism 
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of A) it fixes v. In this sense we can write G v — G v . We have thus shown that 
Ay = Af v Gv . 

On the other hand, B D = A$ n B = N, d G s n MH = M V H V . To conclude the 
proof of (|30p. apply the epimorphism that maps each a £ A v to the permutation 
induced by a on A(v) to the equalities A% = NyGy and B v — M%H%. 

We shall now prove that the permutation groups B$' and A^; are per- 
mutation isomorphic to the groups A* (6) and 254(6), respectively. Let T(v) = 
{s,t, u} and label the six neighbours (0, s), (1, s), (0,t), (1, t), (0, u), (1, u) of v by 
0,3,2,5,4,1, respectively. Since H acts regularly on the set of the arcs of F, it 
follows that — ((s t u)) = C3. Similarly, since G acts regularly on the set of 

the 2-arcs of T, it follows that Gy^ = ((s t u), (t u)) = S3. In particular, when H v 
and G v are viewed as acting on A(w), we see that 

(31) = ( a ) j G M") = ( fljfe ) 5 where a = (0 2 4)(1 3 5), b = (1 5) (2 4). 

Note that the permutations a and b above are the same as the permutations defined 
in (f2"T|) . Let us define the following permutations of A(v): 

e = (1 4) (2 5), / = (0 3) and k = (0 3)(1 4). 

Note that e and / are as in (|27|) and that k — e a . Moreover, note that (e, fc) = 12^ 
and that it is in fact the group consisting of all even permutations of (/, f a , f a ) . 
We shall now show that 

(32) = (e, k) = (e, e a ), and N^ d) = (/, f\ f 2 >. 

Since M 7^ and L is connected and arc-transitive, there exists x € M such 
that x(v) = and x(s) = 1 (in particular, x € M v ). Since x belongs to the 
F2-nullspace of T, it follows that x[t) + x(u) — 1. Let 7 be the permutation 
of A(v) induced by the action of x on A(v). Since M v is normalised by G$, it 
follows that M^ yS> is normalised by G^ v ^ and hence 7, 7", 7° <E M5. Observe that 
{7,7 a ,7 a2 } = {e, k,ek}, and thus (e, fc) < M^ v \ On the other hand, since M is 
the Fa-nulHty of T, it follows that |M^ (S) | < 4, and thus M^ (i) = (e, fc), as claimed. 

Since T is G-arc-transitive, there exists g £ G such that (s,v) 9 — (v, s). Let y = 
1 + x + x 9 . Then y(v) = l+x(v) + x(s) = 1 + + 1 = and hence y 6 N v . Moreover, 
since x, x 9 € M it follows that x(s) + x(t) + x(u) = = x 9 {s) + x 9 (t) + x 9 (u) and 
therefore y(s) + y(t) + j/(tt) = 1. It follows that y A ^) g \ M^ (i;) and hence 

has order at least 8. On the other hand, N^ v ' acts trivially on the partition 
{{0,3}, {1,4}, {2, 5}} of A(v), and is therefore a subgroup of (/,/ a ,/° 2 ) = Z|. This 
proves that — (f , f a , f a ~) , as claimed. 

Finally, if we combine d^DJ), fl3p and @pj) we obtain A^ (5) = A^ (,5) g£ (5) = 
(f,r,r\a,b) = (f,a,b) and B„ A(,3) = m£<® H M*) = ( e , e «, a ) = ( a , e ). Hence, by 
(|2"51) . we see that 

(33) 4 W = 2^(6) and - A 4 (6). 

In particular, this shows that B^ v ^ < L < Ag . Since B is normal in A, 
Lemma mi implies that there exists C < Aut(A) with B < C < A, A [ ~ ] = and 
such that the pair (A, C) is locally-L. 
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Since A and C are both transitive on V(A) and since A~ = C~ , it follows 
that \A:C\ = \A V : C v \ = \A~ [i) : c£ (C) | = |25 4 (6) : L\ = 48/|L|. By © we 
see that \A\ = \N\\G\ = 2|M||G|. Moreover, since G is transitive on V(T) and 
\G V \ = 6, it follows that \A\ = 12\M\\V(T)\ = 6|M||V(A)|. Hence \C\ = \A\/\A : 
C\ = \M\\V(A)\\L\/8. Since C is transitive on the 6|V(A)| arcs of A, this implies 
that the stabiliser of an arc of A in C has order |M||L|/48. Finally, since \L\ > 12, 
we have |M||L|/48> \M\/4. □ 

In order to apply Theorem [T^] to prove Theorem [TOJ we need to establish the 
existence of appropriate cubic arc-transitive graphs with large F2-nullity. The ex- 
istence of such graphs follows immediately from [H Construction 8, Proposition 9], 
where the following was proved: 

Theorem 13. For every positive integer m there exists a connected cubic graph 
of order 6 • 2 2m and F 2 -nullity at least 4 • 2 m which admits an arc-regular group of 
automorphisms H and a 2 -arc-regular group of automorphisms G such that H < G. 

We can now combine Theorem [T2l and Theorem fl~3l to prove Theorem [TOl 

Proof of Theorem \1(A Let L be one of the five imprimitive permutation groups 
of degree 6 admitting no system of imprimitivity with blocks of size 3. Let m 
be a positive integer. By Theorem Q21 there exists a connected cubic graph T m 
of order 6 • 2 2m and F 2 -nullity at least 4 • 2 m which admits an arc-regular group 
of automorphisms H m and a 2-arc-regular group of automorphisms G m such that 
H m < G m . Let A TO = T m [2K x ] and let n = |V(A m )| = 12 • 2 2m . By TheoremUl 
there exists an arc-transitive subgroup C m < Aut(A m ), such that the pair (A m , C m ) 
is locally-L and the stabiliser of an arc of A m in C m has order at least = 
^2-2 m -i _ 4 2 V^" _1 — 4V / l r_1 . Thus L is /-graph-unrestrictive where f{n) — 
4-s/f- 1 . □ 



6. Transitive permutation groups of degree at most 7 

In this section, we determine the status of Problem [3] for L a transitive permu- 
tation group of degree at most 7. The results are summarised in Table [TJ where we 
use the notation from [2]. 

Since L has degree at most 7, it follows that L is graph-restrictive if and only if it 
is regular or primitive (see [5J Proposition 14]). In this case, L has graph- type Cons. 
We may thus assume that L is neither regular nor primitive. Since permutation 
groups of prime degree are primitive, it thus suffices to consider the cases when L 
has degree 4 or 6. 

The only transitive permutation group of degree 4 which is neither regular nor 
primitive is D4. This group is permutation isomorphic to the imprimitive wreath 
product Z 2 wrZ 2 and, by Theorem [71 has graph- type Exp. 

We now consider the case when L has degree 6. Suppose that L admits a system 
of imprimitivity consisting of two blocks of size 3 and let A be one of these blocks. 
If Lia) 7^ 1, then by Corollary[9]L has graph-type Exp. If Lt£\ = 1, then it is easily 
checked that L must be permutation isomorphic to T)q. It follows by Corollary [5] 
that L is Poly-graph-unrestrictive. On the other hand, it follows from [TT] Theorem 
A] that D 6 is Poly-graph-restrictive and hence D 6 has graph-type Poly. 
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No. of grps 


Graph-type 


Regular or primitive 


26 


Cons 


D 6 


1 


Poly 


D 4 , Z3 wrZ 2 , Z 2 wrZ 3 , S 3 wrZ 2 , Z 2 wrS 3 , F ls (6): 2, F 36 (6) 


7 


Exp 


A 4 (6), S 4 (6c), S 4 (6<i) 


3 


SubExp or Exp 



TABLE 1 . Graph-types of transitive permutation groups of degree at most 7 



It thus remains to deal with transitive permutation groups of degree 6 which are 
imprimitive but do not admit a system of imprimitivity consisting of two blocks 
of size 3. As we saw in Section [3 there are five such groups, two of them are 
wreath products and hence have graph-type Exp. As for the remaining three, it 
follows from Theorem [TU] that they are SubExp-graph-unrestrictive. Unfortunately, 
for none of these three groups we were able to decide whether it has graph-type 
SubExp or Exp. 
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